We study the holographic non-relativistic fermions in the presence of bulk dipole coupling in charged dilatonic black hole background. We explore the nontrivial effects of the bulk dipole coupling, the fermion charge as well as the dilaton field on the flat band, the Fermi surface and the emergence of the gap by investigating the spectral function of the non-relativistic fermion system. In particular, we find that the presence of the flat band in the non-relativistic case will suppress the Fermi momentum.
I. INTRODUCTION
The AdS/CFT correspondence is a powerful method to investigate the strongly coupled many body phenomena by relating certain interacting quantum field theories to classical gravity systems. An interesting application of such duality is the study of condensed matter physics from the remarkable connection in gravitational physics, for reviews see for examples [1] [2] [3] .
Stimulated by the AdS/CFT correspondence, the simplest realization to construct gravitational duals of the transition from normal state to superconducting state is to deal with Einstein's gravitational theory with a negative cosmological constant coupled to a gauge field. This idea caught some interesting properties of the realistic superconductor by discussing holography in the simplest charged AdS black hole background.
However, the RN-AdS black hole contains nonzero entropy even at zero temperature. This situation was improved by changing the background bulk geometry to include a real scalar field, the dilaton, which allows zero entropy at zero temperature [4] [5] [6] . At zero temperature, it was argued that states of matter can be holographically described by a spacetime with an asymptotically AdS 4 Einstein-Maxwell-dilaton theory, the quantum phase transitions between different phases were exhibited [7] . More holographic properties disclosed in the dilaton black holes can be found in [5] .
In addition to modifying the bulk gravitational backgrounds, recently there have been some attempts to modify the boundary conditions in describing the condensed matter system. In [8] , it was shown that one can implement the holographic non-relativistic fermionic fixed points by imposing Lorentz breaking boundary conditions instead of the Lorentz covariant one on the Dirac spinor field, which can lead to the presence of an infinite flat band in the boundary field theory. Further studies on the holographic non-relativistic fermionic fixed points have been reported in [9, 10] . In [11, 12] , the holographic non-relativistic fermionic fixed points were studied in the charged dilatonic black hole and black brane.
To capture more general features and phenomena relating to condensed matter physics, there have been a lot of investigations to consider a quantum field theory which contains fermions charged under a global U (1) symmetry [13] [14] [15] [16] [17] [18] [19] [20] . However, many of these studies concentrated on the fermions minimally coupled to gravity and gauge fields. Recently, introducing the coupling between the fermion and gauge field through a dipole interaction in the bulk charged AdS black hole background, it was remarkably found that as the strength of the interaction is varied, spectral density is transferred and beyond the critical interaction strength a gap opens up [21] . The existence of Fermi surfaces as the varying of the dipole coupling was also disclosed [22] . The extensions of the investigation on the dipole coupling to different bulk backgrounds were reported in [23] [24] [25] .
In this work we will extend the study of the dipole interaction to the charged dilatonic AdS black hole background. Considering that different from the charged AdS black hole, the charged dilatonic AdS black hole has vanishing entropy in the low temperature limit, it is a suitable bulk background to study the holographic Fermi liquid. Furthermore, the dilaton can couple directly not only to the gauge field but also to the charged scalar, which can help to further disclose the role played by the dipole coupling in the boundary theory of Fermi liquid. In our study, instead of keeping Lorentz invariance for the boundary theory, we will impose Lorentz violating boundary terms for a spinor field following [8] . We will investigate the holographic spectral function behaviors at the non-relativistic fermionic fixed points and compare with the situations at the relativistic fermonic fixed point [24] . We will disclose how the effects of dilaton, the dipole coupling as well as the fermion charge modify the properties of Fermi gap, Fermi momentum etc. in the Fermi system. The organization of this paper is as follows. In section II, we will derive the bulk Dirac equations in 4-dimensional charged dilatonic AdS black hole. Then we will briefly discuss the holographic calculations of the retarded Green functions of those fermionic operators for non-relativistic theory. In section III, we will present our numerical results for the non-relativistic fixed point in different cases. Finally, we will summarize our results in the last section.
II. HOLOGRAPHIC SETUP
In this section, we will derive the Dirac equations of the bulk fermion coupling to the gauge field through dipole interaction in the charged dilatonic AdS black hole background. We will employ the Lorentz violating boundary term for the spinor field and study the holographic fermionic systems through the perturbations on the non-relativistic fermionic fixed point.
A. Dirac equation
We consider the non-minimal coupling between the spin-1/2 fermions and the gauge field in the form of the dipole interaction described by the bulk action
where m and p are the mass of the fermion field and the dipole coupling parameter, respectively. In the action,
, where (e µ ) a form a set of orthogonal normal vector bases [26] .
We intend to work in the charged dilatonic AdS black hole background with the metric
which is a solution to the Einstein-Maxwell-Dilaton action in 4-dimensional spacetime [4] 
Here, R and L are the Ricci scalar and the AdS radius, respectively. φ denotes the dilaton field and F = dA is the field strength of U (1) gauge field. The temperature of the charged dilaton black hole and chemical potential near the boundary read
where r + is the black hole horizon with the form
the black hole has zero temperature.
The Dirac equation (D − m − ip / F )ζ = 0 in the bulk has the form
after taking the ansatz ζ = (−gg rr ) 
The Dirac equation can be rewritten into
Furthermore, to decouple the equation of motion, we take the decomposition
It is straightforward to reduce the above two equations into the flow equation
where
Near the AdS boundary, from (7) we see that the reduced Dirac field behaves as
Then the value G I = aI bI can be expressed in the form
Thus, we can read off G I by solving the flow equation (11) with the boundary conditions at the horizon [11] 
It is worth indicating that from the flow equation (11) and the above boundary conditions, we can find G I with the following symmetries:
Especially, when m = 0, G 1 and G 2 satisfy the relation
B. Non-relativistic fermionic fixed point
Most available works on the holographic fermionic systems focus on the perturbations on the relativistic fixed point by keeping the Lorentz invariance for the boundary theory. In [8] , the authors first considered the boundary term by dropping the Lorentz invariance while still keeping the U (1) global symmetry ψ → e iθ ψ, the rotational invariance as well as the scale invariance. In this spirit, the boundary term to the bulk action (1) reads
This boundary term keeps the variational principle well-defined.
The variation of the on-shell action for the Dirac spinor has the form
We can extract two groups of fermionic source and the dual operator, which are (B + , A + ) and (A − , B − ).
The dimensions of the operators are According to the AdS/CFT dictionary, the retarded Green function for the non-relativistic fermionic fixed point can be defined as
Following the analysis in [11] , the matric
is off-diagonal and its eigenvalue λ ± can be expressed in terms of G I as
Thus, the spectral function has the form
III. NUMERICAL RESULTS
We numerically integrate the flow equation (11) and read off the asymptotic values to compute the retarded Green functions with the Lorentz violating boundary term in the charged dilatonic AdS black hole background.
We will calculate the fermion spectral function and also the density of states. We will investigate the effects of the dipole coupling, the fermion charge and the dilaton field on the holographic fermionic system.
A. Zero temperature
In this subsection, we will show our numerical results of the massless fermion in the limit of zero temperature.
For convenience, we fix L = 1. The chemical potential reads µ = − √ 3Q.
The dipole effect on the flat band and the Fermi surface
We choose Q = 1 in this subsection. In our computation we first set q = 1 . The numerical results for the spectral function are shown in Figs.1-4 . When there is no dipole coupling between the fermonic field and the gauge field, p = 0, the result shown in finite band is mildly dispersed at low momentum, but it presents strong peak at high momentum. This is because the high momentum modes sit outside the lightcone and can't decay. The peak tends sharper as can be checked by plotting a suitable cross section at fixed high k.
We now turn on the dipole coupling parameter p and report the results in Figs (5) on the boundary. From (2)(4), it is clear that A t = µ at the boundary so that the frequency ω relates to the chemical potential at the boundary, which is independent of the dipole coupling.
The appearance of the flat band for the non-relativistic fermions observed here is interesting, which has not been observed for the relativistic fermions in the charged dilatonic AdS black hole background [24] . The different properties between the non-relativistic and relativistic fermions observed here support the findings in [10] by comparing with [21] for the charged AdS black hole background.
Now we turn to discuss the fermi momentum. From Fig.1-4 we see that the Fermi surface opens up for nonzero p. In the limit ω → 0, the sharp peak of the spectral function represents the fermi surface. For various values of p we illustrate the location of Fermi surface in Fig.5 . We find that the corresponding Fermi momentum increases when the dipole interaction becomes stronger as shown in Table. I. We can further investigate the dispersion relation near the Fermi surface. For various p we show in Fig.6 that the linear relation between ω and k ⊥ = k − k F behaves as
This linear dispersion relation indicates that the excitation near the Fermi surface is well-defined and the Fermi liquid is like the Landau Fermi liquid. This property is not influenced by the dipole coupling, which is consistent with the case of relativistic fermions discussed in [24] . The values of the Fermi velocity v F = ∂ω ∂k for different dipole coupling are listed in Table. I.
As we discussed above that the bulk dipole coupling indeed has imprint on the holographic system. It is natural to ask its role in the properties of the fermion operator in the dual theory. In the vacuum, the coupling does not affect the fermion-fermion Green function. However, it will influence the algebraic structure of the current-fermion-fermion three point correlation function. Though the full story of the dipole effect from CFT is complicated, one simple character we can see from (1) is that when p = 0, there are no terms in ζ α J µ ζ β proportional to the second rank clifford algebra element Γ µν , while for nonzero dipole couplings, such terms will arise [30] . As the dipole coupling increases, this makes the Fermi surface pole fall into a log-oscillatory region [16] , disappear and finally a gap forms. It would be interesting to analytically understand why the dipole coupling change the shape of the Fermi surface and the oscillatory region and further explore the full story in the field theory. This will serve as a separate work in the future.
The influence of fermion charge and the dilaton field
The chemical potential felt by the probe fermion is read as Ω = qµ. Since g F , the effective dimensionless gauge coupling, is implied in µ, we have Ω ∼ g F q. In the conformal field theory, the fermion charge q or the gauge coupling g F denotes the interaction strength between the spinor and massless vector fields. It will modify the n−point function for the boundary spinors by bringing the vector-spinor-spinor function. The detailed calculation from the AdS/CFT correspondence with this interaction was shown in [31] . The authors of [16] have reported that the properties of the holographic fermion are charge dependent. On the other hand,
here from the bulk action, we can see that the dilaton field is related to the gauge coupling g F through the form g 2 F = 4e −φ . This shows that the dilaton field affects the gauge coupling and in turn will have imprint on the chemical potential of the boundary field theory. Thus, it is of interest to study how the fermion charge and dilaton field affect the spectral function, respectively.
In [32] , it was claimed that the charge q can affect the excitation near the Fermi surface in charged dilaton black hole. In addition, it was argued that there is some kind of competition between the charge q and the dipole coupling p to create the Fermi surface for the non-relativistic fixed point in charged AdS black hole [11] . Here we would like to further examine the effect of q in the Fermi system in the charged dilatonic AdS background. We will change the value of q in the computation and compare with the result for q = 1. The spectral functions are shown in Fig.7 -10 for taking q = 2. Similar to the results by setting q = 1, flat bands tend to 2 √ 3 at large enough momentum which is independent of the dipole coupling. Besides the similarity, we observe the different property for choosing different q. When q = 2, we see that the quasi-particle like peak, i.e., Fermi surface appears even at p = 0. This is different from small q case where there is no Fermi surface in the ω = 0 limit for the minimal Fermion coupling. Moreover, the emergence of the gap can happen at smaller dipole coupling when q is bigger, for example the gap emerges around p ∼ 13 for q = 1, while the gap appears around p ∼ 8.5 when q = 2. These observations support that q is nontrivial, it influences the Fermi system.
The Fermi momentum and Fermi velocity for choosing q = 2 are listed in Table. II. Similar to setting q = 1, the Fermi momentum increases with p and the dispersion relation is kept linear. We see that the dispersion relation is always linear and is independent of the fermion charge and the dipole coupling in this case. Comparing with the relativistic situation [24] , we find that for the same bulk coupling, the Fermi momentum is smaller in the non-relativistic case. The suppression of the Fermi momentum in the nonrelativistic case can attribute to the presence of the flat band. In addition, we find that the Fermi velocities for q = 2 and q = 1 have opposite signs. These imply that the charge q do influence the excitation near the Fermi surface which supports the claim in [32] . Now we will turn to investigate how the dilaton field influence the behavior of the spectral function. Without loss of generality, we set q = p = 2 in the discussion. When the dilaton field vanishes Q = 0, the background (2) goes back to the AdS Schwarzschild black hole. The spectral function for Q = 0 is shown in Fig.11 . This background is not charged, so that it does not have Fermi-like peak.
In the dilaton gravity, the chemical potential is finite as described in (4) . This gives the possibility of fermionic excitation. The numerical results on the spectral function for nonzero values of Q are shown in Fig.12 . We observe the Fermi-like peak and present the Fermi momentum in Table. III. The Fermi momentum increases but the peak becomes lower as the increase of the dilaton field Q. For larger Q, the flat band gets more dispersed in the low momentum and the peak of the band appears at higher momentum. This shows that the dilaton field has the effect on the shift of the flat band.
To see clearly the effect of the dilaton field on the gap, we plot the density of state by integrating A(ω, k) over k with strong dipole coupling p = 12 in Fig.13 . We observe that with the increase of Q, the gap becomes wider. This tells us that in the dilaton gravity the effect of the dipole coupling will be more explicit.
B. Finite temperature
In [22, 24] , it was argued that the gap brought by strong dipole coupling will vanish once the temperature increases to a critical value for the relativistic fermionic system. It is of interest to examine this property for the non-relativistic situation by imposing Lorentz breaking boundary conditions.
We calculate the spectral function at the finite temperature. We set q = 2 and p = 12 in the following to T ⋆ when the gap closes up, there is a transition from the insulator to conducting state. In our model, We find the ratio ∆ ⋆ /T ⋆ is around 18.65, where ∆ ⋆ is the width of the gap at zero temperature. This supports that the generated gap is temperature-dependent.
We also calculate the spectral function for different dilaton charge, for example taking Q = 2. The density of state for different temperature is shown in Fig.15 . The property that gap becoming narrower for higher temperature holds as well. For bigger dilaton charge, we find that the value of ∆ ⋆ /T ⋆ is higher, where T ⋆ is the temperature to close up the gap. When Q = 2, the value of ∆ ⋆ /T ⋆ is around 27.82. This ratio increases with the dilaton charge. Note that in the charged AdS black hole background, the ratio ∆ ⋆ /T ⋆ was found around 10 [22] . It is worth pointing out that similar to the case of zero temperature, the gap becomes wider as we increase Q for fixed finite temperature, this is explicit by comparing Fig.14 and Fig.15 .
In this paper, we have studied extensively the properties of the holographic non-relativistic fermionic spectral function in the presence of a bulk dipole coupling in the charged dilatonic black hole background. We generalized previous related studies [11, 24] by combining non-relativistic fermions, dipole coupling and a dilaton field and studied how all these ingredients affect together the properties of this fermionic system.
Firstly, we have further confirmed that the emergence of flat band is robust in the case of non-relativistic fermionic fixed point, independent of the black hole background and the coupling between the fermions and gauge field. Secondly, we observed that the Fermi momentum increases as the dipole coupling becomes stronger for some specific charge q and small p. By studying the dispersion relation for small p, we found that this fermionic system had the linear dispersion relation for these specific charge q and p. Then, by studying the large dipole coupling effects, we found that for a fixed q, the Fermi sea disappeares and a gap opens up when the dipole coupling goes beyond a critical value, which indicated this fermionic system possesses the characteristic of the Mott insulator. Our calculations also showed to us that bigger charge make the gap opens easier. Subsequently, we also investigated how the dilaton field influence the behavior of the spectral function. The results showed that the effect of the dipole coupling is more explicit in the dilaton gravity.
Finally, we found that this holographic non-relativistic fermionic system with dipole coupling also exhibits a phase transition from insulator to a conducting state as the temperature is increased. It implied that the gap emerged by the dipole coupling in this dilaton background possesses non-trivial temperature dynamics.
The properties for the nonrelativistic fermion system disclosed here in the holographic study with the modification of the boundary term are interesting. It is of interest to further explore the holographic properties of the nonrelativistic fermion system, for example the backreaction of the bulk fermion on the background, the nature of the Fermi surface and its relation to the phase transition etc. Besides, it will be interesting to examine whether the model satisfies the Luttinger's theorem [33] [34] [35] . It is expected that the theoretical attempts in this direction can help to unlock more puzzles in the condense matter physics.
